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Abstract
In this paper, we present a definition of uniform continuity which applies to morphisms in the
category DST of distance spaces, and which generalizes the definitions of uniform continuity which
apply in the categories of metric spaces, of nearness spaces and of zeroed distance spaces. This
definition allows us to define a category BDUNIF, of d-bounded distance spaces and uniformly
continuous functions (with this new definition of uniform continuity). TOP is embedded in BDUNIF
as a bi-coreflective subcategory. Ó 1999 Elsevier Science B.V. All rights reserved.
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0. Previous definitions and results
As defined in [1], a distance space consists of a set X, a partially ordered set P and a
function δ :X×X→ P which satisfies the following properties:
(D1) for any x, y ∈ Y , if δ(x, y) < p ∈ P , then δ(x, x) < p and δ(y, y) < p,
(D2) δ(x, y)= δ(y, x) for all x, y ∈ Y ,
(D3) if δ(x, y) < σ , then there exists some µ ∈ P such that δ(y, y) < µ and such that
δ(y, z) < µ implies δ(x, z) < σ ,
(D4) if δ(x, y) < µ and δ(x, y) < ν, then there exists some σ ∈ P such that δ(x, y) <
σ, σ 6 µ and σ 6 ν,
(D5) for any x, y ∈ Y , there exists some p ∈ P such that δ(x, y) < p.
If 〈X,δ,P 〉 is a distance space, for x ∈ X and p ∈ P , we define Np(x), the p
neighborhood of x , to be the set {z | δ(x, z) < p}. A function f from X to Y is said to
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be a d-continuous function from distance space 〈X,δ,P 〉 to distance space 〈Y,γ,Q〉 if
f (x) ∈Nq(f (x)) implies that for some p ∈ P ,
x ∈Np(x)⊆ f−1
[
Nq
(
f (x)
)]
.
The category of all distance spaces and all d-continuous functions is called DST. The
collection of all neighborhoods in a distance space 〈X,δ,P 〉 is a base for a topology T (δ)
onX. (Note that for any p ∈ P and any x ∈X, the set Np(x) is a topological neighborhood
of x in 〈X,T (δ)〉 if and only if δ(x, x) < p.) The association 〈X,δ,P 〉 to 〈X,T (δ)〉 is a
functor from DST to TOP. We will denote this functor as D2TOP.
If the function δ also satisfies the condition:
(D6) for any x, y ∈X, δ(x, x)= δ(y, y)
then the space 〈X,δ,P 〉 is said to be a zeroed distance space. If 〈X,δ,P 〉 is a zeroed
distance space, then the element δ(x, x) will be referred to as 0P . The category of all
zeroed distance spaces (and d-continuous functions) is called ZDST. For any object, m in
ZDST, the image D2TOP(m) is a symmetric space.
If the function δ satisfies the condition:
(DB ) for any x ∈X and any p ∈ P , if δ(x, x) < p, then there exists some q ∈ P such
that δ(x, x) < q and such that δ(x, a) < q and δ(x, b) < q imply δ(a, b) < p
then the space 〈X,δ,P 〉 is said to be d-bounded. The category of d-bounded distance
spaces (and d-continuous functions) is called BDST and the category of d-bounded zeroed
distance spaces is called BZDST. The restriction of D2TOP to BDST will be denoted
BD2TOP.
If 〈X,δ,P 〉 and 〈Y,γ,Q〉 are zeroed distance spaces, then a function f from X to Y
is d-continuous if for any x ∈ X and any ε > 0Q, there exists some ρ > 0P such that
δ(x, z) < ρ implies γ (f (x), f (y)) < ε. A function f from X to Y is called “uniformly
continuous” if for every ε > 0Q, there exists some ρ > 0P such that δ(x, z) < ρ implies
that γ (f (x), f (z)) < ε. It should be clear that this definition is a direct generalization
of the classical definition of uniform continuity in the category of metric spaces. The
collection of all zeroed distance spaces and all uniformly continuous functions is called
ZUNIF. This definition appears in [1] and also in [2] (where it is called d-uniform
continuity). In this paper, we will refer to functions satisfying this definition as being
Z-uniformly continuous.
In [1] a functor was constructed, embedding the category of symmetric spaces in
BZDST. The functor was constructed as follows:
For an arbitrary symmetric space 〈X,T 〉, let U denote the collection of symmetric
subsets of X × X and let UT denote U × {0,1}. We impose a partial order on
UT by defining (u, i) < (v, j) provided that (u, i) 6= (v, j), that j = 1, that u ⊆ v
and that v is an open subset of X × X. For any a, b ∈ X define ζ1(a, b) to be
{(x, x) | x ∈X}∪{(a, b), (b, a)} and ζT (a, b) to be (ζ1(a, b),0). The function ζT is a
function fromX×X to the partially ordered set UT and satisfies all of the conditions
(D1)–(D6), as well as (DB ). Thus 〈X,ζT ,UT 〉 is a d-bounded zeroed distance space.
The association of symmetric spaces 〈X,T 〉 with d-bounded zeroed distance spaces
〈X,ζT ,UT 〉 was shown (in [1]) to be a functor which embeds SYM in BZDST.
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1. Uniform continuity in DST
Definition 1.1. For any two distance spaces, 〈X,δ,P 〉 and 〈Y,γ,Q〉 we will say that a
function f :X→ Y is D-uniformly continuous provided that for any q ∈Q, if for some
x ∈X it is true that γ (f (x), f (x)) < q , then there exists some p ∈ P such that:
(i) if γ (f (a), f (a)) < q then δ(a, a) < p,
(ii) if δ(a, b) < p then γ (f (a), f (b)) < q .
This definition is similar to the definition of Z-uniform continuity presented above and
the two definitions are equivalent in the case that both spaces, 〈X,δ,P 〉 and 〈Y,γ,Q〉, are
zeroed distance spaces.
Proposition 1.2. If 〈X,δ,P 〉 and 〈Y,γ,Q〉 are zeroed distance spaces, then any DST (and
hence ZDST) morphism f from 〈X,δ,P 〉 to 〈Y,γ,Q〉 is D-uniformly continuous if and
only if it is Z-uniformly continuous.
Proof. Suppose that f is Z-uniformly continuous, that q is an element of Q and that for
some x ∈X, we have that γ (f (x), f (x)) < q . Since 〈Y,γ,Q〉 is a zeroed distance space,
this implies that 0Q < q . By the Z-uniform continuity of f , there exists some p > 0P
such that δ(a, b) < p implies that γ (f (a), f (b)) < q . This, of course is property (ii) of
Definition 1.1. For any x ∈ X, we have both that γ (f (x), f (x)) < q and δ(x, x) < p
which gives us property (i) of Definition 1.1. Hence, a Z-uniformly continuous function
satisfies the conditions of Definition 1.1. Suppose now that f satisfies the conditions
of Definition 1.1. Given any q ∈ Q, if for some x , it is the case that γ (f (x), f (x)) <
q then q > 0Q. By Definition 1.1, there exists some p ∈ P such that for any a ∈
X, γ (f (a), f (a)) < q implies that δ(a, a) < p (i.e., p > 0P ) and such that δ(a, b) < p
implies that γ (f (a), f (b)) < q . Hence for zeroed distance spaces, the conditions of
Definition 1.1 imply Z-uniform continuity. 2
It is immediate that any identity function on a distance space is D-uniformly continuous
and that the composition of D-uniformly continuous functions is D-uniformly continuous.
Hence, the D-uniformly continuous functions form the morphism classes for categories
which we will call DUNIF (the category of distance spaces and D-uniformly continuous
functions) and BDUNIF (the category of d-bounded distance spaces and D-uniformly
continuous functions). We now wish to identify the relationship between TOP and
BDUNIF.
Definition 1.3. For any topological space 〈X,T 〉 define U(T ) to be the product V ×{0,1}
where V denotes the collection of subsets of X×X. We define a partial order on U(T ) by
defining (A, i) to be (strictly) less than (B, j) provided that (A, i) 6= (B, j), that A⊆ B ,
that j = 1 and that B is a set of the form⋃
{T × T | T ∈ J }
for some collection J ⊆ T .
64 P. Castillo et al. / Topology and its Applications 98 (1999) 61–66
For any two points a, b ∈X define δT (a, b) to be ({(a, b), (b, a)},0).
Clearly, with these definitions, U(T ) is a partially ordered set and δT is a function from
X×X to U(T ).
Proposition 1.4. If 〈X,T 〉 is a topological space, then 〈X,δT ,U(T )〉 is a d-bounded
distance space.
Proof. If x and y are elements of X, and if δT (x, y) < p, then p = (u,1) where u =⋃{T × T | T ∈ I } for some I ⊆ T , and (x, y) ∈ T × T for some T ∈ I . This implies
that x ∈ T , and so δT (x, x) = ({(x, x)},0) < (u,1) = p. Thus 〈X,δT ,U(T )〉 satisfies
condition (D1). The function δT clearly satisfies the condition δT (a, b) = δT (b, a), and
so condition (D2) is satisfied. If δT (x, y) < p, then p must have the form (u,1) where
u is a union
⋃{T × T | T ∈ I } for some I ⊆ T . Since {(x, y), (y, x)} ⊆ u, there is
some S ∈ I which contains both x and y . Define v = S × S and let q denote (v,1).
Obviously, δT (y, y) < q and δT (y, z) < q implies z ∈ S, and this, in turn implies that
δT (x, z) < p, and, hence, that (D3) is satisfied. Suppose, now, that for some p and q in
U(T ), δT (x, y) < p and δT (x, y) < q . From the definition of the partial order, p must
have the form, (p1,1) where p1 is
⋃{T × T | T ∈ P }, and q must have the form (q1,1),
with q1 equal to
⋃{S × S | S ∈Q}. Since (x, y) must be an element of both p1 and q1,
there is some T0 ∈ P and some S0 ∈Q such that {x, y} ⊆ T0∩S0. We denote T0∩S0 =W0
andW =W0×W0. It is clear that (W,1)6 p, that (W,1)6 q , and that δT (x, y) < (W,1).
Thus, condition (D4) is satisfied. For any x and y in X, δT (x, y) < (X ×X,1) ∈ U(T ),
and so condition (D5) is satisfied. This gives us that 〈X,δT ,U(T )〉 is a distance space. If
δT (x, x) < p ∈ U(T ), then p must have the form (p0,1) where p0 =⋃{T × T | T ∈ I }
for some I ⊆ T . Since (x, x)must be an element of p0, there must be some T ∈ I such that
x ∈ T . Then δT (x, x) < (T ×T ,1)6 p. If δT (x, a) < (T ×T ,1) and δT (x, b) < (T ×T ,1)
then a and b must be elements of T , and so δT (a, b) < (T × T ,1)6 p. Thus the function
δT satisfies condition (DB ) and 〈X,δT ,U(T )〉 is a d-bounded distance space. 2
Of course, this association of 〈X,T 〉 to 〈X,δT ,U(T )〉 would be of little interest were it
not functorial.
Proposition 1.5. If f is a continuous function from topological space 〈X,T 〉 to topologi-
cal space 〈Y,S〉, then f is a d-continuous function from distance space 〈X,δT ,U(T )〉 to
distance space 〈Y, δS,U(S)〉.
Proof. Suppose that f is a continuous function from 〈X,T 〉 to 〈Y,S〉, and that for a given
p ∈U(S) we have that δS(f (x), f (x)) < p. From the definition of U(S), p must be of the
form (p0,1) for some p0 = {S×S | S ∈ I }. Then f (x)must be an element of some S0 ∈ I .
Since f is continuous and S0 is an element of S, we know that T = f−1[S0] is an element
of T . Obviously, δT (x, x) < (T × T ,1) ∈ U(T ). For any a ∈X, if δT (x, a) < (T × T ,1)
then both x and a are elements of T , which implies both f (x) and f (a) are elements of
S0. This, in turn, implies that δS(f (x), f (a)) < p, and, hence, that f is a d-continuous
function from 〈X,δT ,U(T )〉 to 〈Y, δS,U(S)〉. 2
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This gives us a functor (which we will call T2DST) from TOP to DST (in fact to
BDST), but, an even stronger result is true. As we will shortly show, the DST morphism
f from 〈X,δT ,U(T )〉 to 〈Y, δS,U(S)〉 (in the above proposition) is, in fact, D-uniformly
continuous.
Proposition 1.6. If 〈X,T 〉 is a topological space, if 〈Y, δ,P 〉 is a d-bounded distance
space and if f is a d-continuous function from 〈X,δT ,U(T )〉 to 〈Y, δ,P 〉, then f is D-
uniformly continuous.
Proof. Let p be any element of P and suppose that for at least one element x ∈X, it is the
case that δ(f (x), f (x)) < p. Let I denote the collection {x | δ(f (x), f (x)) < p}. Since
〈Y, δ,P 〉 is d-bounded, for each a ∈ I , there is some p(a) ∈ P such that δ(f (a), f (a)) <
p(a) and such that δ(f (a), y) < p(a) and δ(f (a), z) < p(a) imply that δ(y, z) < p.
The d-continuity of f implies that for each a ∈ I , there is some q(a) ∈ U(T ) such that
a ∈Nq(a)(a)⊆ f−1[Np(a)(f (a))]. The element q(a)must be of the form (⋃{T ×T | T ∈
I (a)},1), and I (a) must contain at least one element T (a) for which a ∈ T (a). Define
u0 =⋃{T (a)× T (a) | a ∈ I } and define u to be (u0,1). Clearly, for each a ∈ I , we have
δT (a, a) < u. Suppose now that δT (x,w) < u. Then (x,w) ∈ T (a)×T (a) for some a ∈ I .
This gives us that δ(f (a), f (x)) < p(a) and that δ(f (a), f (w)) < p(a). This, in turn,
implies that δ(f (x), f (w)) < p, and so, f must be D-uniformly continuous. 2
Proposition 1.6 has the following obvious consequence.
Corollary 1.7. The association 〈X,T 〉 to 〈X,δT ,U(T )〉 induces functors, T2BDST, from
TOP to BDST and T2BDUNIF from TOP to BDUNIF.
From [1], we know that there is a functor from DST (and, hence from BDST) to TOP.
We have designated these functors as D2TOP and BD2TOP. These functors associate a
distance space 〈X,δ,P 〉 with a topological space 〈X,T (δ)〉, where T (δ) is the topology
generated by the collection {Np(x) | x ∈X and δ(x, x) < p ∈ P }.
Proposition 1.8. Any topological space 〈X,S〉 is homeomorphic to (in fact identical to)
the space 〈X,T (δS)〉.
Proof. Suppose that x ∈ U ∈ T (δS). Then there is some p ∈ U(S) such that x ∈Np(x)⊆
U . The element p must be of the form (p0,1) for some p0 = ⋃{T × T | T ∈ I },
for some I ⊆ S. The point x must be an element of some T0 ∈ I . For any y ∈ T0,
the set {(x, a), (a, x)} ⊆ p0, and, hence, a ∈ Np(x). Therefore, the identity function
on X is a continuous function from 〈X,S〉 to 〈X,T (δS)〉. Suppose, now, that S is a
nonempty element of S. Let q denote the element (S × S,1) ∈ U(S). Choose any a ∈ S.
Clearly Nq(a)= S, and so the identity function on X is a continuous from 〈X,T (δS)〉 to
〈X,S〉. 2
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This gives us the following:
Corollary 1.9. The composition of the functors BD2TOP and T2BDST is the identity
functor on TOP, as is the composition of BD2TOP and T2BDUNIF.
Since T2BDST and T2BDUNIF have a left inverse, they must be embeddings of TOP in
BDST and/or BDUNIF.
Proposition 1.10. For any d-bounded distance space 〈X,γ,P 〉, if id denotes the identity
function on X, then id is a D-uniformly continuous function from 〈X,δT (γ ),U(T (γ ))〉 to
〈X,γ,P 〉.
Proof. For arbitrary p ∈ P , define A(p) to be the set {x | γ (x, x) < p}. Assuming that
A(p) is nonempty, for each x ∈A(p) we can find some q(x) ∈ P such that γ (x, x) < q(x)
and such that a, b ∈Nq(x)(x) implies that γ (a, b) < p. For each x in A(p), it is clear that
Nq(x)(x) ∈ T (γ ). Let Up denote the union ⋃{Np(x)(x) × Np(x)(x) | x ∈ A(p)} and let
µ(p) denote (Up,1). By construction, µ(p) ∈ U(T (γ )). If γ (x, x) < q , then x ∈ A(p),
which implies that (x, x) ∈ Np(x)(x)×Np(x)(x)⊆ Up , and, therefore, that δT (γ )(x, x) <
µ(p). This gives us that the function id , from 〈X,δT (γ ),U(T (γ ))〉 to 〈X,γ,P 〉 satisfies
condition (i) of Definition 1.1. If, on the other hand, δT (γ )(a, b) < µ(p), then both a and b
must be elements of Np(x)(x) for some x ∈ A(p). Since γ (x, a) and γ (x, b) are both less
than p(x), we know that γ (x, a) and γ (x, b) are both less than q(x), and, hence, γ (a, b)
must be less than p. This allows us to conclude that condition (ii) of Definition 1.1 is
satisfied, and that id is D-uniformly continuous. 2
We are now ready to prove the primary result of the paper.
Theorem 1.11. The functor T2BDUNIF, from TOP to BDUNIF, is an embedding of TOP
in BDUNIF as a bi-coreflective subcategory.
Proof. It was noted after Corollary 1.9 that T2BDUNIF is an embedding of TOP in
BDUNIF. The composition of T2BDUNIF with the restriction of BD2TOP to BDUNIF is a
functor from BDUNIF to BDUNIF which associates an arbitrary distance space 〈X,γ,P 〉
with 〈X,δT (γ ),U(T (γ ))〉. From Corollary 1.9 and Proposition 1.10 we can conclude
that this functor is a coreflection. The identity function id from 〈X,δT (γ ),U(T (γ ))〉 to
〈X,γ,P 〉 is clearly a bijection, and, hence, the image of TOP under T2BDUNIF is a bi-
coreflective subcategory of BDUNIF. 2
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